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Method of Least Squares Derivation
The Method of Least Squares is a method used for interpolating and extrapolating data using a smoothed representation of the raw data.

Consider a set of data represented graphically below.
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The data are represented by the general coordinates (xk, yk), and suppose it is desired to fit these data with a straight line equation of the form  

 crvf_l14.gif   where a1 is the slope of the line and a0 is the y-intercept.

There are obviously many straight lines that could be drawn through the given data.  What we want is the “best” straight line through the data where “best” is defined as that line such that the sum of the squares of the differences are minimized.  This criterion is called a least squares criterion, and more specifically in this case, a linear least squares criterion.

What do we mean by “the sum of the squares of the differences”?

Note first of all that for each value of x (that is, for each xk), there are two values for y: first is the given value of y (yk), and second is the value of y calculated from the straight line equation where 

 crvf_l15.gif   .  The difference between these two values of y for any x = xk is  
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The least squares criterion says that what we want is the straight line equation such that the sum of all these differences is a minimum.  If we let E be the sum of the squares of the differences, we have that
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for all N points.  In summation form,
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Note that the x’s and y’s are known values from the original set of data values.  The unknowns in the expression for E are a0 and a1.  In order to minimize the function E, what we need to do is set the partial derivative of E with respect to the unknowns equal to zero and solve the resulting equations simultaneously.  That is, we must solve
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simultaneously.
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Setting both partial derivatives equal to zero, we have:
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or
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Thus, the result of taking the partial derivatives and setting them equal to zero can be stated by the following equations:




where 
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 is the number of pairs of x,y values, 
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  is the sum of all of the given x-values,  
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  is the sum of all the given x-values squared,  
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 is the sum of all the given y-values, and   
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 is the sum of all of the x- y-value products.
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These may look like rather complex equations to solve.  However, if we note that all of the summations are numbers, numerical values derived from the data in the original set of data, we can also note that these are two linear equations in two unknowns, a0 and a1, which can be solved either by typical analytical methods or by  matrix inversion techniques.

To illustrate, consider the following set of data which are to be fitted with a linear least squares equation:

	x

-------
	y

-------

	0.000
	1.000

	1.000
	3.000

	2.000
	2.000

	3.000
	4.000

	4.000
	5.000


First, there are five pairs of x-y values so that N = 5.

Next, we can add up all the x-values so that  
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Furthermore:
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so that the two equations become
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These two equations constitute a system of two linear equations which, when solved for the unknowns, yield values of a0 = 1.2 and a1 = 0.9.  Thus, the linear least squares curve fit of the given data is
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This equation, then, is the best straight line representation of the given data based on the least squares criterion.

The analysis outlined above can be extended to fitting the data with the best quadratic or the best cubic equation to represent the data.

If the data are to be represented by a quadratic least squares curve fit, the coefficients of the quadratic equation are obtained by solving the following equations simultaneously:
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where the quadratic equation is of the form 
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Similarly, if the data are to be represented by a cubic least squares curve fit, the coefficients of the cubic equation are obtained by solving the following equations simultaneously:
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where the cubic equation is of the form 
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